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Towards quantitative understanding of quantum dot ensemble capacitance-voltage spectroscopy
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Inhomogeneous ensembles of quantum dots (QDs) coupled to a charge reservoir are widely studied by using,
e.g., electrical methods like capacitance-voltage spectroscopy. We present experimental measurements of the
QD capacitance as a function of varying parameters such as ac frequency and bath temperature. The experiment
reveals distinct shifts in the position of the capacitance peaks. While temperature-induced shifts have been
explained by previous models, the observation of frequency-dependent shifts has not been explained so far. Given
that existing models fall short in explaining these phenomena, we propose a refined theoretical model based on
a master-equation approach which incorporates energy-dependent tunneling effects. This approach successfully
reproduces the experimental data. We highlight the critical role of energy-dependent tunneling in two distinct
regimes: at low temperatures, ensemble effects arising from energy-level dispersion in differently sized QDs
dominate the spectral response; at high temperatures and frequencies, we observe a peak shift of a different
nature, which is best described by optimizing the conjoint probability of successive in- and out-tunneling
events. Our findings contribute to a deeper understanding of tunnel processes and the physical properties of
QD ensembles coupled to a common reservoir, with implications for their development in applications such as
single-photon sources and spin qubits.
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I. INTRODUCTION

Quantum information science, encompassing applications
such as quantum communication, cryptography, and computa-
tion, is progressing rapidly towards practical realization [1–4].
Among the various quantum hardware platforms, semicon-
ductor quantum dots (QDs) stand out due to their ability to
confine single charge carriers with atomlike discrete energy
levels, making them highly suitable for optoelectronic appli-
cations [5–7]. In particular, InAs QDs exhibit fully quantized
energy states similar to atoms [8,9] and can be coupled to
multiple solid-state degrees of freedom, such as their dielec-
tric environment [10,11], photonic modes [12–14], phononic
interactions [15,16], nuclear spin systems [17–20], and elec-
tronic states or charge reservoirs [21,22]. These couplings
present both challenges and opportunities [23].

Capacitance-voltage (C-V) spectroscopy is a well-
established technique for probing the energy level structure of
semiconductor QDs [24,25]. By applying a gate voltage with
a superimposed ac modulation, charge fluctuations in a typ-
ically diodelike structure are induced and detected, enabling
the investigation of discrete charging events and quantum con-
finement effects [8]. The dynamic nature of C-V spectroscopy
offers valuable insights into tunneling processes [26] and elu-
cidates, e.g., how the state degeneracy of QD levels affects
tunneling [27]. This is particularly relevant for understanding
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the observed tunnel resonance [28], where a thermal shift
in the quasiequilibrium measurements of the lowest-energy s
states has been described. Additional insights have been ob-
tained using a master-equation approach [29], which extends
to nonequilibrium states [30].

The master equation approach of Ref. [30] assumed all
QDs to have identical properties. It considered a QD system
that was either empty or occupied by an electron or hole,
with tunnel rates describing the transitions between levels.
The dynamics described by this master equation helped to un-
derstand C-V experiments and provided insights into various
phenomena, such as the occurrence of illumination-induced
nonequilibrium peaks.

In this paper, we present experimentally obtained C-V
spectra that cannot be fully explained by the previously de-
scribed model and, thus, require an extension of the theoretical
framework. In particular, we demonstrate that a refined model
has to consider at least two additional features. First, one has
to account for the energy-dependent nature of tunnel coupling,
arising from the variation of the barrier length between the QD
and the reservoir with energy tuning. Second, the dispersion in
QD sizes affects their energy levels, potentially leading to dif-
ferent behavior in QD ensembles compared to individual QDs.

The paper is organized as follows. In section II, we present
our experimental results for the C-V spectra of a QD ensemble
for different temperatures and ac frequencies. In section III,
we develop our master-equation approach including energy-
dependent tunnel couplings. Within our theoretical approach,
we calculate C-V spectra that are subsequently compared to
our experimental results. Conclusions to advance towards a
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FIG. 1. Schematic representation of the sample layers and the
corresponding 1D conduction band edge. Electrons from the doped
Fermi reservoir can tunnel into the QD as soon as the gate voltage Vg

aligns the QD energy levels with the Fermi energy of the reservoir.
The tunneling barrier in between reservoir and QD is assumed to
have a triangle shape. A blocking barrier prevents charge drift to-
wards the top gate on top. Additionally, the sketch illustrates a QD
ensemble depicted by potential wells of varying sizes, reflecting the
different QD sizes observed in the experiment. Note that the sample
dimensions are not shown to scale.

more comprehensive understanding of tunneling dynamics,
specifically C-V spectroscopy in QD ensembles, are drawn in
section IV.

II. EXPERIMENT AND RESULTS

The foundation for the subsequent theoretical analysis is
established through experimental observations of a QD en-
semble coupled to a charge reservoir. Capacitance-voltage
spectroscopy is employed to investigate QDs embedded in
a GaAs semiconductor matrix. Initially, we will discuss the
fundamental aspects of the sample structure and C-V spec-
troscopy, as these details define the context for the later
theoretical discussions.

Figure 1 shows the sample structure and a sketch of the
corresponding conduction band edge. The analyzed sample is
grown via molecular-beam epitaxy.1 QDs are embedded in a
GaAs n-i-p diode structure. A Si-doped GaAs layer (n-doping
density ND = 2 × 1018 cm−3) acts as the charge reservoir.
Carriers need to surpass the GaAs layer (35 nm) following on
top of the charge reservoir to access the energetic states within
a QD. Therefore, this tunnel barrier plays a crucial role in the
tunnel coupling between reservoir and QD. QDs are formed
by Stranski-Krastanov growth of InAs on the GaAs matrix and
are capped by intrinsic GaAs (11 nm). Above the QDs a block-
ing barrier composed of 50 periods of Al0.33Ga0.67As/GaAs

1Same sample as in Ref. [30]; for internal use and identification:
Sample #14729c.

(3 nm/1 nm, for simplicity depicted with uniform material in
Fig. 1) prevents carrier diffusion towards the top gate, which
serves as the second electric contact.

The epitaxial top gate is formed out of bulk carbon-doped
GaAs (p-doping density NA = 3 × 1018 cm−3; 25 nm) and
40 periods of carbon-delta-doped and carbon-doped GaAs
(NA = 1 × 1019 cm−3; total thickness of 20 nm). Due to the
high doping we form an Ohmic contact by simply bonding
to the top gate. With standard wet chemical etching mesas
of 300 × 300 µm2 are processed. The back contact to the
reservoir is formed by soldering indium to the corners of a
4 × 5 mm2 sample.

QD formation by Stranski-Krastanov growth of InAs is
a probabilistic process, resulting in QDs of varying sizes.
Consequently, the sample contains an ensemble of QDs with
dispersed energy levels. For the sample analyzed in this paper,
the ensemble width is around 100 meV. In C-V spectroscopy,
we examine the behavior of this ensemble, as the top gate
covers multiple QDs (approximately a QD density of 5 ×
109 cm−2; meaning 4.5 × 106 QDs under one mesa).

Applying a voltage to the top gate shifts the energy lev-
els, particularly those inside the QDs, relative to the Fermi
level defined by the charge reservoir. The gate voltage can
thus tune different quantized states of the QDs in resonance
with the Fermi energy of the reservoir, enabling the energy-
spectroscopic nature of C-V measurements. However, this
static shift alone does not permit direct detection of these
energy levels.

To detect different charge states and energy levels in a QD,
a dynamic ac voltage added to the static component of the
gates voltage is mandatory. If an energy level of the QDs is
aligned with the Fermi level of the charge reservoir of the
sample, tunnel processes lead to a charging of the QDs which
result in capacitance peaks. Such a C-V spectrum from a
sample with a structure as introduced above is shown in Fig. 2.

The C-V spectrum in Fig. 2 displays several peaks super-
imposed on an increasing background. This background arises
from the diodelike nature of the sample structure and will be
subtracted when precise peak positions are evaluated. Peaks
emerge from this background whenever the QD energy levels
come in resonance with the Fermi level of the charge reservoir.
Charging the QD is a sequential process where Coulomb
repulsion lifts the degeneracy of energy levels. Two distinct
peaks are observed for the twofold-degenerate lowest-energy
level of the QD, labeled s1 (first electron) and s2 (second
electron). The next higher-energy level shows four peaks, p1,
p2, p3, and p4, corresponding to the third, fourth, fifth, and
sixth electron charged in the QD, respectively. Peaks associ-
ated with even higher d states are barely discernible from the
background for the highest gate voltages shown in Fig. 2.

The following analysis will focus primarily on a single
peak in the C-V spectra and its shift to different gate voltages.
Thus, it is essential to understand what the maximum of a
C-V peak signifies. Whenever an energy state comes into
resonance with the Fermi level of the charge reservoir, the
driven charge exchange between the QD and the reservoir
gives rise to a maximum of the capacitance. Another impor-
tant consideration involves the ensemble of QDs measured in
the example shown in Fig. 2. A peak here does not represent
one tunnel process into a single QD but rather tunneling into
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FIG. 2. Exemplary C-V spectrum obtained from the sample with
structure corresponding to Fig. 1. The measured capacitance is plot-
ted as a function of the gate voltage Vg. The peaks in this spectrum
correspond to resonant coupling with energy levels inside the QD.
For reference, the levels and their associated peaks are denoted as
s1 for the first electron occupying the lowest level, p1 for the third
electron occupying the second level, and so on. In this study, we
focus specifically on the s1 peak, highlighted by a red box. C-V
spectra of this type were recorded at various bath temperatures and
different frequencies for the ac component of the gate voltage Umod.

many QDs of varying sizes. This not only broadens the C-V
peak but may also affect the peak position. The manifestation
of these effects is at the core of the results presented here.

The experimental findings in this work will focus on the
s1 peak (as marked in Fig. 2), which corresponds to the
first electron tunneling in and out of the QD. C-V spectra in
this region were recorded using a helium-based closed-cycle
cryostat, which allows for temperature control ranging from
2.5 to 300 K. For our measurements, we set the temperature
and perform C-V measurements at various ac frequencies. The
signal current through the back contact is detected using a
lock-in amplifier.

Figure 3 shows the capacitance as a function of gate volt-
age for different frequencies at several temperatures ranging
from 5 to 40 K. The positions of the peaks, marked for various
frequencies from 1 to 32 kHz, are determined by fitting the
s1 and s2 peaks with two Gaussian functions (as we model
the ensemble by a Gaussian distribution) in the spectra after
subtracting the underlying diode characteristic. Vertical lines
indicate the positions at the lowest measured frequency. The
capacitance scale is consistent across all graphs. Note that
the curves have been vertically offset by 0.07 pF for better
visibility.

We first investigate the lowest frequency of 1 kHz between
the different panels represented by the upper black curve. As
the temperature increases, we observe a broadening of the s1
peak, which is common and expected. Additionally, we see a

FIG. 3. C-V spectra of the QDs’ s1 state at different temperatures
from 5 to 40 K. Each spectrum is measured from low (black) to high
(blue) ac frequencies (1 to 32 kHz). Vertical lines mark the peak
position at the lowest measured frequency. At each frequency, the
peak was fitted and its maximum is marked by a star. This highlights
the shift induced by temperature and frequency. Note that the curves
have been vertically offset by 0.07 pF for better visibility.

thermal shift in the peak position towards lower gate voltages
(corresponding to higher energies). This shifting behavior
occurs as the peak position is determined by an equality of
the rates for tunneling in and out of the QD and was already
observed and discussed [28].
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We now turn to the higher frequencies. As the frequency
increases, the peak height decreases. This suppression occurs
because fewer electrons are able to tunnel into the ensemble
of QDs during one period of the applied ac frequency. Conse-
quently, the charge current diminishes, leading to a reduction
in the measured capacitance. In addition to the suppression
of peak height, the peak position is also affected by rising
frequency. At the lowest temperature of 5 K, the s1 peak shifts
toward higher gate voltages (corresponding to lower energies).

Surprisingly, this frequency-induced shift completely
changes its behavior at higher temperatures. At an inter-
mediate temperature of 25 K, the frequency-dependent shift
appears to vanish. Furthermore, for the highest temperature
of 40 K the s1 peak shifts into the opposite direction, towards
lower voltages.

Such a shifting behavior has not been observed or ex-
plained before. The discovery of this effect suggests that
the C-V spectroscopy of charge-reservoir-coupled QDs, and
therefore the characteristics of the tunneling processes be-
tween the reservoir and the QDs, are not yet fully understood.
To move towards a quantitative understanding of QD ensem-
ble capacitance-voltage spectroscopy, we will now proceed
with developing a model that accounts for these experimental
observations.

III. THEORY AND MODEL

A. Mathematical description of C-V spectroscopy

In the following, we develop a model based on a
master-equation approach which allows us to explain our
experimental results presented above. We assume that a time-
dependent gate voltage

V (t ) = Vg + ε cos(ωt ) (1)

is applied to the sample where Vg is the static gate voltage, ε

denotes the ac amplitude, and ω is the angular frequency with
the corresponding period T = 2π/ω. The time-dependent
gate voltage gives rise to a periodic modulation of the level
positions in the QD which in turn leads to a periodic tunneling
in and out of electrons via the back contact. As a result, the
charge Q(t ) on the QD fluctuates and gives rise to an ac cur-
rent I (t ) = −Q̇(t ). In the following, we are mainly interested
in the first harmonic of this current which is given by

I1 = 2

T

∫ T

0
dt e−iωt I (t ). (2)

The charge dQ tunneling into the QD from the back contact
is related to the change dV in the gate voltage by the differen-
tial capacitance C(V ) via

−dQ = C(V ) dV. (3)

We can therefore express the ac current as

I = −C(V ) εω sin(ωt ), (4)

such that to first order in ε we have

C(Vg) = i
ωε

I1 + O(ε2). (5)

Equation (5) allows us to connect the differential capacitance
C(Vg) to the experimentally measurable quantity I1 which can

also be evaluated theoretically from the time-dependent QD
charge Q(t ).

B. Master-equation approach

In order to model the charging dynamics of a single QD,
we extend the master-equation model presented by Valentin
et al. [30]. Every state s of a QD has a time-dependent occu-
pation probability ps(t ) accompanied by a corresponding net
charge qs. Introducing the vector quantities p(t ) = (ps(t )) and
q = (qs) enables us to write the QD charge as

Q(t ) = qT p(t ) = ∑
s qs ps(t ). (6)

The time-dependent probability vector p(t ) obeys the master
equation

ṗ(t ) = W p(t ), (7)

where W denotes the matrix of tunneling rates. Its off-
diagonal elements are given by the transition rates from state
s to s′ while the diagonal elements are determined by the
conservation of probability

1T W = 0 with 1 = (1, . . . , 1)T . (8)

We assume our problem (7) to be sufficiently regular to have
a unique periodic solution representing a steady state. Further
assuming analytic dependence on small ε, we expand W in a
Taylor series around ε = 0, i.e.,

W =
∞∑

n=0

W (n)εn cos(ωt )n, W (n) = 1

n!

∂nW
∂V n

g

, (9)

and expand p itself as the power series

p(t ) =
∞∑

n=0

p(n)(t ) εn. (10)

Substituting into the master equation (7) and collecting terms
of order n yields the inhomogeneous equations

(∂t − W (0) ) p(n)(t ) = r(n)(t ) (11)

with the inhomogeneities

r(n)(t ) =
n∑

l=1

W (l ) p(n−l )(t ) cos(ωt )l . (12)

As we are only interested in the periodic stationary case, we
expand

p(n)(t ) =
∑

k

p(n)
k eikωt , r(n)(t ) =

∑
k

r(n)
k eikωt , (13)

such that we can express Eq. (11) as

(ikω − W (0) ) p(n)
k = r(n)

k . (14)

When k �= 0, Ref. (14) is solved by inverting (ikω − W (0) ),
which is always possible due to Gershgorin’s circle theorem.
The case k = 0 poses a singular equation, as Eq. (8) pre-
vents W (0) to be invertible. This singularity requires additional
constraints, which come in the form of the normalization of
probability 1T p(t ) = 1. Thus, for n = 0, we obtain the eigen-
value problem

W (0) p(0)
k = 0, 1T p(0)

k = δk0. (15)
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Otherwise, these normalization constraints demand
1T p(n)

0 = 0, such that adding p(0)1T p(n)
0 = 0 to Eq. (14)

leaves it invariant under the given constraints. Combining the
preceding observations allows us to write

p(n)
k = (ikω − W (0) + δk0 p(0)1T )−1 r(n)

k , (16)

as p(0)1T − W (0), unlike W (0), is actually invertible assuming
a one-dimensional null space. Using Eq. (16) one can suc-
cessively compute higher orders of p while collecting Fourier
modes in Eq. (12). With Eq. (5) in mind, we are mostly
interested in the case k = 1. Performing these calculations up
to order n = 2, and inserting them into Eqs. (6) and (5), leads
to

C(Vg) = −qT (iω − W (0) )−1 W (1) p(0) + O(ε2). (17)

As our experimental data correspond to the real part of C(Vg)
we will only consider the real part of Eq. (17).

C. Tunneling into the s1 state

We proceed by modeling the s1 peak by the simple two-
state model of a QD being filled by one or no electron.
Denoting the rate for tunneling into the QD as �in and tun-
neling out as �out, we accordingly consider

W =
(−�in +�out

+�in −�out

)
, q =

(
0

−e

)
, (18)

where e is the elementary charge. As previously described by
Ref. [28], the tunneling rates are given by

�in = gin T (E ) f (E ) D(E ), (19)

�out = gout T (E ) [1 − f (E )] D(E ), (20)

where f (E ) symbolizes the Fermi-Dirac distribution

f (E ) = 1

eE/kBT + 1
, E = Es1 − EF, (21)

with the energy Es1 of the s1 state and the Fermi level EF.
D(E ) denotes the density of states and f (E )D(E ) quantifies
the probability of an electron being available for tunneling
into the QD; [1 − f (E )]D(E ) holds the respective com-
plementary probability of finding an unoccupied state for
tunneling back. The degeneracies for these processes are given
by gin and gout, and the energy-dependent tunnel coupling
strength by T (E ).

Before discussing the broader implications of these expres-
sions, we will first specify the particular tunneling rates used
to illustrate the general observations and to fit the experimen-
tal data.

D. Derivation of the tunnel coupling

When the first electron tunnels into the QD, its spin ori-
entation is arbitrary, leading to a degeneracy factor gin = 2
as both spin-up and -down electrons contribute to tunneling.
Conversely, an electron in the QD has a definite spin, resulting
in gout = 1.

To model the tunnel coupling strength T (E ), we assume
that the voltage-dependent deformation of the conduction
band edge EC can be effectively described using a simple lever

dtun

dtotE

z

E = Es1

EC(z)

E = 0

d0

QD

Reservoir

EF,BC(Vg)

EF,G(Vg)

V(e
nib

V-
g)

FIG. 4. Sketch of the conduction band edge between charge
reservoir and QD. d0 names the distance between reservoir and QD,
dtot the length between reservoir and top gate. The effective tunnel
length dtun can be calculated by an approach corresponding to the
WKB approximation.

approach [21,31] as shown in Fig. 4. Note that for convenience
in the following calculations the band edge at the QD is taken
as constant, making the Fermi levels at gate EF,G and back
contact EF,BC functions of the applied gate voltage Vg. In this
convention, a varying gate voltage Vg modifies the relative
position of the Fermi level in the QD. Denoting the lever by
λ, we find

EF(Vg) := EF,BC(Vg) = e

λ
(Vg − Vbin ), λ = dtot

d0
(22)

with dtot and d0 being the distance between back contact and
top gate or QD, respectively. Next, we approximate T (E )
by estimating the probability density |	|2 of the reservoir
electrons at the left QD boundary using a one-dimensional
Wentzel-Kramers-Brillouin (WKB) approximation for the
wave function 	. Using basic geometry, one can find the
triangular well potential U (z) and the effective tunnel distance
dtun between reservoir and QD, hence,

T ∝|	|2 ∝ e−2
∫ dtun

0

√
2m∗ (U -Es1 )

h̄ dz = e
4d0

√
2m∗

3h̄

√
-Es1

3

EF , (23)

where m∗ refers to the effective mass of GaAs and Es1 to
the energy of the QD’s lowest quantized state. The density
of states D(E ) can be assumed constant, as tunneling occurs
from conduction band edge electronic states. Note that this
assumption will only be relevant for the high-frequency case
discussed in section III F.

Using this information we are able to look at the tunneling
rates for in and out tunneling in reference to the QD’s s1
energy state. Figure 5 shows these rates calculated for the
experimentally observed sample structure and, in both cases,
considering energy dependence in tunneling or not. All rates
are normalized to the static result for the rate at 0 K and are
shown in dependence of the gate voltage and for different
temperatures. If we neglect the energy dependence, the rates
are simply given by a Fermi distribution, scaled by the degen-
eracies for tunneling in and out. If we consider the dependence
on T (E ) found in Eq. (23), this leads to a modification of
these curves. The tunneling-out rate shows a steep drop over
the whole voltage range, while the tunneling-in rate now de-
creases after a maximum, with increasing gate voltage.
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FIG. 5. Tunneling rates into (solid) and out of (dashed) a QD’s
s1 state (Vg = −0.23 V) for various temperatures and for consider-
ing no energy dependence of the tunneling barrier [T (E ) = const]
or the in Eq. (23) derived dependence for T (E ). Note that in the
energy-independent case the tunneling rates are given by a scaled
Fermi distribution. The tunnel-in rates remain zero, until the quan-
tized energy state comes in resonance with the reservoir. This onset
becomes smeared at higher temperatures due to its dependence on
the Fermi distribution. Tunneling out of the QDs occurs at a high
rate under negative bias, sharply dropping when the QD energy level
aligns with the reservoir’s Fermi energy and Pauli principle inhibits
tunneling into occupied states. Again, this is washed out at elevated
temperatures. The intersections �in = �out are marked with a cross.

In both cases depicted in Fig. 5, the temperature depen-
dence is governed by the Fermi distribution in the tunnel
rates. For the observed low-temperature regime, the temper-
ature dependence of the chemical potential can be neglected
such that the point where f (E ) = 0.5 does not shift in gate
voltage. Therefore, it is noteworthy that the points of inter-
section �in = �out (marked by vertical lines) remain at the
same position, regardless of the energy dependence intro-
duced by T (E ). In both cases, the intersections shift to lower
gate voltages (respectively higher energies) with increasing
temperature. This was given as explanation for the thermal
shift observed by Brinks et al. [28] which we also observe
in our experiment (compare Fig. 3, solid black lines). This
temperature-induced shift can be seen as unaffected by the en-
ergy dependence of the tunnel barrier as the energy-dependent
quantities T (E ) and D(E ) simply cancel out.

E. C-V spectrum of the s1 peak

We find for the gate-voltage-dependent capacitance of
charging the s1 state of a single QD the formula

C(Vg) = e
�in�out

ω2 + (�in + �out )2

d

dVg
ln

�in

�out
, (24)

which represents a Lorentzian in angular frequency ω.
The results from Eq. (24) allow us to simulate the C-V

spectra of a single QD for the experimentally studied sample
structure. We compare our model with the model of Ref. [30],
which was similarly designed to simulate single QD C-V
spectra. The comparison is shown in Fig. 6, with simulation
parameters chosen to match our experimental setup.

Similar to the experiment, our theoretical results show a
thermal shift of the peak positions with increasing temperature
at low frequencies. This behavior agrees with the explanation
previously provided [28] as shown in Fig. 5 and all low-
frequency experiments ([28,30], this work). We also observe
thermal broadening in the simulation, which seems to be more
pronounced than in the experimental data. This discrepancy
arises from the difference between modeling a single QD and
a QD ensemble (discussed in detail in section III G below).

While the two models agree with each other at low fre-
quencies, they show a distinctly different behavior at higher
frequencies. At low temperatures, both models give rise to a
frequency-induced shift to higher gate voltages. However, as
the temperature increases, the frequency shift is opposite for
the two models. In the model of Ref. [30], the peaks shift to
higher gate voltages regardless of the temperature, whereas in
our extended model the shift direction is reversed at a certain
temperature and then moves to lower gate voltages as the
temperature is further increased. This behavior matches the
experimentally observed shifts of the peak position.

The agreement between our experimental findings and
the extended model points towards an explanation of the
frequency-induced shifting behavior at elevated temperatures.
In the model of Ref. [30], the tunneling coefficient T (E ) was
assumed to be independent of energy. In contrast, our model
accounts for energy dependence by incorporating an effective
tunneling length calculated within the WKB approximation as
described in Eq. (23).

F. From equilibrium to nonequilibrium tunneling

Having observed the difference in shifting behavior from
Fig. 6 for low or high frequencies, we now analyze our model
in these two limits. Given that the reservoir is in a state of
thermal equilibrium, the ratio of tunneling rates obeys detailed
balance

�in

�out
= gin

gout

f

1 − f
= gin

gout
e[EF (Vg )−Es1]/kBT , (25)

allowing us to restate Eq. (24) more directly as

C(Vg) = 1

λ

e2

kBT

�in�out

ω2 + (�in + �out )2
. (26)
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FIG. 6. Simulation of the s1 peak from a single QD for various
temperatures and frequencies. The results illustrate two models: the
previous one of Valentin et al. (dashed line, with peak maxima
marked by triangles) and our extended model (solid line, with peak
maxima marked by circles). The reversal in the direction of the
frequency-induced shift at higher temperatures is only visible in the
model that accounts for energy-dependent tunneling.

When the angular frequency ω is small compared to the
tunneling rates, we obtain the asymptotic formula

C(Vg)
ω→0≈ 1

λ

e2

kBT

�in�out

(�in + �out )2
. (27)

As the fraction of Eq. (27) represents the squared ratio of a
geometric and arithmetic mean, Eq. (27) attains its maximum
at the resonance condition �in = �out. Substituting this into
Eq. (25) we recover the remarkably simple expression for the
peak position [28]

EF
(
V ω→0

peak

) = Es1 − kBT ln
gin

gout
. (28)

In the limit of low measurement frequencies, our model finds
the most efficient tunneling at in- and out-tunneling equi-
librium. We also resemble the temperature shift given by
Eq. (27), as observed in the experiment for low frequencies.

In the opposite limit of large ω, we find

C(Vg)
ω→∞≈ 1

λ

e2

kBT

�in�out

ω2
, (29)

which attains its peak when the product �in�out is maximized.
This product corresponds to the conjoint probability of suc-
cessive in- and out-tunneling events, which we shall refer to
as conjoint tunneling. Differentiating �in�out with respect to
EF results in an implicit equation, and expanding it for small
T yields

EF
(
V ω→∞

peak

) ≈ Es1 + (2kBT )2 d

dEF

∣∣∣∣
EF=Es1

ln(T D). (30)

Unlike Eq. (28), the shifting behavior of Eq. (30) is exclu-
sively a result of the energy dependence of T D. Taking the
logarithm of Eq. (23) yields a term proportional to E−1

F , re-
sulting in a negative shift (cf. Fig. 6).

How can this impact of energy dependence on tunneling
behavior be understood? At low frequencies, charge fluctua-
tions between the reservoir and the QD are largest when the
rates of tunneling in and tunneling out are equal, again as al-
ready assumed [28] and calculated by the energy-independent
tunneling model [30]. When the frequency increases, we reach
a regime where it is less likely for an electron to tunnel in
and out of the QD in one ac cycle. This affects the efficiency
of tunneling differently for different Vg and thus affects the
position of the C-V peaks as well.

To elaborate further on this, let us reconsider the tunnel
rates. The intersections of tunnel-in and -out rates remain the
pivotal marker for the C-V peak maximum as long as we are
at low frequencies. At higher frequencies, we need to think
differently about the maximum tunneling efficiency. Tunnel
coupling to a QD needs to be understood as a sequential pro-
cess of tunneling in and out. Thus, the maximal capacitance
occurs no longer for equal tunneling-in and -out rates, but
appears where the probability of consecutive tunneling in and
out is maximized. This consecutive tunneling corresponds to
the product �in�out as suggested by Eq. (29).

Figure 7 compares the tunnel rates with the conjoint tun-
neling product �in�out. It shows the results for rates that are
independent of energy [Figs. 7(a) and 7(c)] and for rates
that take into account the shape of the tunnel barrier and
are, thus, energy dependent [Figs. 7(b) and 7(d)]. When we
compare the positions of the intersections �in = �out with the
maxima of conjoint tunneling at different temperatures, we
observe trends that align with both experimental observations
and single-dot simulations. In the case of energy-independent
tunneling rates [Fig. 7(c)], the shifting behavior from the
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FIG. 7. Product of tunneling rates (a) for energy-independent tunneling and (b) including consideration of tunnel barrier’s energy
dependence. The rate product is plotted as a thick line and color coded according to temperature. Using the same color scheme, the tunneling
rates previously shown in Fig. 5 are included as more transparent solid lines (for tunneling in) and dashed lines (for tunneling out). As zooms
(c) and (d): Comparison between the maxima of the conjoint tunneling product �in · �out and the equilibrium positions between in and out
tunneling (marked as stars at the intersection of �in and �out). The distance between equilibrium and conjoint tunneling maximum is indicated
by a colored line. In the case of energy-independent tunneling (c) the shift from intersection to conjoint maximum shows only one constant
direction, resembling the energy-independent tunneling model of Ref. [30]. When considering the energy dependence induced by the tunnel
barrier (d), this shift behavior changes. Now the direction reverses with rising temperature, resembling the qualitative behavior observed in the
experiment. Note that the y-axes are scaled differently by intention to better visualize this shift.

energy-independent tunneling model [30] becomes visible:
With increasing temperature, we observe a stronger grow-
ing shift of the intersections �in = �out towards lower gate
voltages. The maximum of the conjoint tunneling remains
unchanged, regardless of the temperature.

This behavior changes if we account for energy-dependent
tunneling. The shift of the intersection of in and out tunneling
and the maxima of conjoint tunneling align with the peak shift
observed in the experiment and the simulation considering
energy dependence. At lower temperatures we observe a shift
towards higher gate voltages, with increasing temperatures a
change in the relative shift, and at the highest temperature a
strong shift to lower gate voltages. Considering the energy
dependence of the tunneling barrier proves to be the defining
reason for the behavior we observe.

In summary, as the ac frequency increases, the tunneling
process occurs under nonequilibrium conditions. At low fre-
quencies, the maximum tunnel coupling is achieved when the
rates of in tunneling and out tunneling are equal. However, at
higher frequencies, the peaks in the C-V spectrum are rather
due to a maximum of the probability for successively tunnel-
ing in and out of the QD. This change in behavior reflects

the impact of the energy-dependent tunneling on the overall
tunneling dynamics.

G. Modeling of the inhomogeneous QD ensemble

So far we modeled tunneling into a single QD. But our
experiment features an ensemble of QDs with inhomogeneous
size. This adds complexity beyond the single-QD scenario.
To fully understand the experimental results, we must extend
our model to account for the characteristics of the entire QD
ensemble.

Our goal is to model N QDs with differing size. Assum-
ing the QDs are not influencing each other, such that the
total current is just a superposition of the single-QD currents,
we can simply sum their individual capacitance CEs1 (Vg) by
Eq. (5). To consider the size variation, we assume the s1 level
energy as a Gaussian random variable Es1 with mean 〈Es1〉 and
variance σ 2. This results in an expected capacitance of

CN (Vg) = N〈CEs1 (Vg)〉, (31)
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FIG. 8. Effect of the energy-dependent tunneling model on the
frequency-induced suppression of a QD ensemble. Shown are sim-
ulated C-V spectra of a QD ensemble at 5 K for frequencies from
1 to 32 kHz. The maxima (marked by a cross) shift to higher gate
voltages, far stronger than visible for a single-QD peak as in Fig. 6.
This is explained by the stronger suppression of bigger QDs, which
come into resonance at lower gate voltages (compare inset). The
colors of different sized QDs are picked in accordance with the
size-dependent energy shift of the QDs’ states.

and substituting Eq. (26) into (31) yields

CN (Vg) = N

λ

e2

kBT

〈
�in�out

ω2 + (�in + �out )2

〉
. (32)

Using this methodology, we are able to model the C-V
spectra of an ensemble of QD with inhomogeneous size. A
simulation of C-V spectra at 5 K and frequencies comparable
to the experiment is shown in Fig. 8. We observe a strong shift
of the ensemble towards higher gate voltages (respectively
lower energies). Compared to the model of a single QD, this
shift is far more pronounced than in Fig. 6 at 5 K.

We proceed by analyzing the peaks of Eq. (32) for the two
limiting cases. For small ω, we first note that

�in�out /kBT

ω2 + (�in + �out )2

ω→0≈ �(Es1 − μ∗), (33)

where � represents the symmetric probability density

�(E ) = eE/kBT/kBT

(1 + eE/kBT )2
(34)

of a zero-mean logistic distribution with scale kBT , and

μ∗ = EF + kBT ln
gin

gout
. (35)

Denoting the symmetric Gaussian probability density of Es1 −
〈Es1〉 by φ yields

CN (Vg)
ω→0∝

∫ ∞

−∞
dEs1 φ(Es1 − 〈Es1〉) �(Es1 − μ∗) (36)

and differentiating Eq. (36) with respect to EF effectively
replaces � by the antisymmetric derivative �′. Since integrals
over antisymmetric functions vanish, a peak is found at μ∗ =
〈Es1〉. Thus, by Eq. (35)

EF
(
V ω→0

N,peak

) = 〈Es1〉 − kBT ln
gin

gout
, (37)

which generalizes the peak position from Eq. (28) for sym-
metric distributions of QD energies.

For large ω we also find a logistic distribution, i.e.,

�in�out /kBT

ω2 + (�in + �out )2

ω→∞≈ gingoutT 2D2 �(Es1−EF)

ω2
. (38)

If T is small, the standard deviation of � vanishes, and �

becomes a Dirac delta distribution, which reduces the expec-
tation integral to replacing Es1 = EF, i.e.,

CN (Vg)
ω→∞∝
T →0

(T D)2
∣∣
Es1=EF

e− 1
2

(EF−〈Es1〉)2

σ2 . (39)

Again, this yields an implicit equation for the peak position,
which is approximated for small σ and T by

EF
(
V ω→∞

N,peak

) ≈ 〈Es1〉 + 2σ 2 d

dEF

∣∣∣∣
EF=〈Es1〉
ln([T D]Es1=EF ). (40)

Thus, the ensemble introduces an additional energy-
dependent shift similar to Eq. (30). However, as Es1 is
replaced by EF prior to differentiation, the logarithm in
Eq. (40) becomes proportional to −√−EF instead of E−1

F ,
resulting in an opposite shift (compare Figs. 6 and 9).

Again, an explanation of this additional ensemble effect
can be given by considering an energy dependence in tun-
neling. As illustrated in the inset of Fig. 8, the size of a QD
impacts the necessary band tilt (applied gate voltage) where
the QD energy level comes into resonance with the Fermi
level of the reservoir. Bigger, redshifted dots need a lower
gate voltage than smaller, blueshifted dots. This impacts the
tunnel barrier carriers need to surpass. Carriers tunneling into
a state of bigger dots face an effectively larger barrier than
carriers tunneling into smaller dots. If the frequency is now
increased and less carriers participate in tunneling, the QDs
with a larger tunnel barrier get suppressed more strongly.
Consequently, increasing the frequency shifts the position of
the C-V peak to higher gate voltages, where primarily the
smaller, less suppressed QDs contribute.

H. Comparison between extended model and experiment

With all these effects incorporated into our extended
model, we compare our theoretical results with the exper-
imental data. The parameters for the sample geometry and
QD ensemble were selected as follows: d0 = 35 nm, dtot =
268 nm were selected from the geometrical sample structure.
The built-in voltage Vbin was chosen to coincide with the band
gap of GaAs. Remaining parameters were fitted to match the
experimental data. Figure 9 presents a comparison between
the experimental data and the simulation results obtained us-
ing our comprehensive model. Peak positions are marked in
both the experimental data and the simulated results for easy
comparison.
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FIG. 9. Comparison between experimental C-V spectra (straight
lines with stars marking the peak maxima) and the modeled spectra
considering energy-dependent tunneling in a QD ensemble (dotted
line, crosses). Only the data of the first electron charging peak
are compared; the underlying baseline and tail of the second peak
is fitted and subtracted out of the experimental C-V spectra. The
model is able to resemble the experiment well, and agrees with the
direction change of the frequency-induced peak shift at higher bath
temperatures.

The width of the ensemble peak and the qualitative di-
rection of the frequency-induced shift are very similar in
the model and the experiment. At lower temperatures, the

model predicts a stronger shift than what was observed ex-
perimentally. However, at higher temperatures, the model and
experimental results align well.

The qualitative agreement demonstrated by our extended
model underscores its robustness in capturing the essential
physics of the system. Nevertheless, quantitative deviations in
the frequency-induced shifting behavior suggest opportunities
for further refinement. One potential factor is the precise de-
termination of the distance d0 between the charge reservoir
and the QD, which plays a crucial role in the calculation
of tunneling rates via Eqs. (19) and (20). In our model, this
distance is referenced to a distinct band edge, as depicted in
Fig. 1. However, in an actual experimental setting, the band
edge exhibits bending, implying that d0 may vary slightly. The
random character of dopant distribution is an uncertain factor
adding to this. A more detailed consideration of this effect
could further enhance the quantitative accuracy of our model.

Another promising direction for refining the model is the
inclusion of strain effects, which influence the energy depen-
dence of the system but have not yet been incorporated. Strain
modifies the band structure by introducing curvature, thereby
altering the energy response to variations in gate voltage. This
effect originates from the lattice mismatch between materials
and is particularly relevant in the vicinity of QDs, where it
drives the self-organized growth of InAs QDs on a GaAs
matrix. Given the inherent size dispersion of QDs, it is rea-
sonable to assume that strain effects vary across the ensemble.
Larger QDs, which typically contain a higher indium fraction,
are expected to experience increased strain, leading to more
pronounced band bending. This curvature effectively modifies
the tunneling barrier, potentially reducing its width for In-rich
QDs. Consequently, these larger QDs, located on the lower
gate-voltage side of the ensemble, would experience weaker
suppression. By incorporating this effect, the model could
achieve an even more precise representation of the experi-
mental observations, particularly in capturing the shift toward
higher gate voltages.

IV. CONCLUSION

Our study presents findings in the C-V spectroscopy of
reservoir-coupled QDs, uncovering a previously unreported
frequency-induced shifting behavior in the single-electron
peak. These experimental observations are explained by an
extended model based on a master-equation approach that
captures the complex interplay between temperature, fre-
quency, and QD ensemble effects. With our model we are able
to qualitatively resemble the experimental behavior. Based on
our model we gained insights in the tunnel coupling between
reservoir and QD.

In comparison to the energy-independent tunneling model
[30], the relevance of considering energy dependence in
tunnel coupling became clear. We introduced a distinction
between a balance of tunneling in and out for low frequencies
and conjoint tunneling at high ac frequencies as explanation
for the impact of energy dependence. The extension of our
model to treat an inhomogeneous ensemble of QDs revealed
another energy-dependent tunneling effect: due to differences
in the effective height of the tunnel barrier for differently
sized QDs, larger QDs experience stronger suppression as
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the frequency increases. This ensemble effect dominates the
frequency-dependent response at lower temperatures but be-
comes less significant as the temperature increases.

Our results highlight the importance of accounting for
the energy dependence of the tunnel barrier, especially in
nonequilibrium scenarios such as those induced by high fre-
quencies. This energy dependence is crucial for accurately
describing the behavior of QD ensembles and their response
to frequency and temperature variations. Future work could
explore how variations in the barrier’s shape impact the sys-
tem’s response, potentially enabling tunable temperature or
frequency-induced shifts in QD states during C-V measure-
ments.

By implementing structural modifications, it may be pos-
sible to tailor these shifts effectively, as demonstrated by
Ref. [32]. Such adjustments could lead to the development
of resonant tunnel structures with nonmonotonic energy de-
pendencies. These are of interest for applications like energy
harvesting using QDs [33–35]. Additionally, pursuing designs
for charge-stable structures at elevated temperatures could
open up possibilities for device innovation and performance
enhancement of QD-based classical and quantum devices.

Achieving a quantitative reproduction of C-V measure-
ments remains an ambitious challenge. The interplay of a
variety of influence factors, like segregation-driven doping
profiles or strain-induced band bending, underlines the com-
plexity of this task. While the present model already provides

substantial insight and strong qualitative agreement, further
refinements offer exciting avenues for improvement. These re-
finements would not only enhance the quantitative alignment
of the model but also deepen our fundamental understanding
of the underlying processes.
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